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Abstract
We show that homogeneous Go¨del spacetimes need not contain closed timelike
curves in low-energy-effective string theories. We find exact solutions for the
Go¨del metric in string theory for the full O(α′) action including both dilaton
and axion fields. The results are valid for bosonic, heterotic and super-strings.
To first order in the inverse string tension α′, these solutions display a simple
relation between the angular velocity of the Go¨del universe, Ω, and the inverse
string tension of the form α′ = 1/Ω2 in the absence of the axion field. The
generalization of this relationship is also found when the axion field is present.
PACS number(s): 98.80.Hw, 04.50.+h, 11.25.Mj, 98.80.Cq
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I. INTRODUCTION
The relationship between micro and macrophysics is most commonly sought within a
framework of unified descriptions of the fundamental forces of Nature that is provided by
superstring theories or some M theory believed to underlie them [1], [2–4]. The most fre-
quently investigated theory is the bosonic effective action leading to the pre-big-bang su-
perinflationary scenario [5], although some type IIB superstring models [6] and M-theory
solutions have also been found [7]. However, the cosmological solutions of low-energy string
theory have been confined to solutions of the zero-order equations, [8], [9]. In this Letter,
we give some new solutions of string theories, including terms up to first order in the inverse
string tension α′ and both dilaton and axion fields, for homogeneous spacetimes of the form
first investigated in general relativity by Go¨del in 1949 [10]. We recall that Go¨del’s solutions
attracted considerable interest because they described rotating universes that possessed the
completely unexpected property of closed timelike curves (CTCs)1. This discovery led to a
reappraisal of thinking about Mach’s ’Principle’ [11], inspired the rigorous investigation of
the possibility of time travel in relativistic theories of gravity [14], and stimulated the serious
investigation of the global structure of spacetimes [15]. However, we find that in string the-
ory, unlike in general relativity, Go¨del universes need not contain CTCs. Previously, causal
Go¨del universes have been found in general relativity in the presence of massless scalar
fields by Rebouc¸as and Tiomno [16], and in gravity theories derived from an action contain-
ing terms quadratic in the Ricci curvature invariants by Accioly [17]. We find that CTCs
1It is interesting to note that Weyl, in his book Space, Time and Matter, [12] foresaw that
Einstein’s theory might permit time travel to occur, remarking that ’[in general relativity] it is not
impossible for a world-line (in particular, that of my body), although it has a timelike direction at
every point, to return to the neighbourhood of a point which it has already passed through....[but]
the very considerable fluctuations of the [spacetime metric] would be necessary to produce this effect
do not occur in the region of the world in which we live’ [12], [13].
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need not occur in the Go¨del universes in heterotic and bosonic string theories containing
the full bosonic particle spectrum of axion, dilaton, and graviton.
II. LOW-ENERGY-EFFECTIVE O(α′) ACTION FOR STRINGS
We write the general form of the string effective action to α′ order in the string frame
as, [4],
S =
∫
dnx
√
−g e−φ
{
R− 2Λ + (∂φ)2 − 1
12
H2
−α′λ0
[
RµνσρR
µνσρ − 1
2
RµνσρHµναHσρ
α+
1
24
HµνλH
ν
ραH
ρσλHσ
µα − 1
8
HµρλHν
ρλHµσαHνσα
]
+O(α′2)
}
(2.1)
where λ0 = −18 for heterotic strings, −
1
4
for bosonic strings and 0 for superstrings; n is the
number of spacetime dimensions, α′ is the inverse string tension parameter, and the action
is truncated at first order. Thus, in the case of superstrings the leading corrections after the
zero-order terms will enter at fourth order and will not be investigated in this paper. These
higher-order terms lead to a significant increase in algebraic complexity. In (2.1) φ is the
dilaton, g the determinant of the metric, Λ the cosmological constant, R the Ricci scalar,
Rµνρσ the Riemann tensor, and Hµνρ = ∂[µBνρ] is the axion with H
2 = HµνρH
µνρ where Bµν
is the antisymmetric tensor potential. The field equations for bosonic strings then take the
following form
Rµβ + ∂µ∂βφ−
1
4
HµνλHβ
νλ +
1
2
α′ [RµνσρRβ
νσρ − RµνσρHβναHσρα+
1
8
HµνλH
ν
ραH
ρσλHσβ
α − 3
8
HµρλHν
ρλHβ
σαHνσα
]
= 0, (2.2)
R − 2Λ + 2∂µ∂µφ− ∂µφ∂µφ−
1
12
H2 +
1
4
α′
[
RµνσρR
µνσρ − 1
2
RµνσρHµναHσρ
α+
1
24
HµνλH
ν
ραH
ρσλHσ
µα − 1
8
HµρλHν
ρλHµσαHνσα
]
= 0. (2.3)
These equations are completed by the axion equation of motion
3
∂µ(δS/δ(∂µBνλ)) =
[
e−φ
(
Hµνλ + α′Mµνλ
)]
;µ
= 0, (2.4)
where
Mµνλ =
3
2
RµνσρHσρ
λ +
1
4
Hσ
µαHνραH
ρσλ − 3
4
HµσαHρ
νλHρσα. (2.5)
To zeroth order in α′, eqn (2.4) is just (e−φHµνλ);ν = 0 (see e.g. [9]) where semicolon denotes
a covariant derivative with respect to the metric. The cosmological constant term Λ is related
to the dimension of space and the inverse string tension by [3,5]
Λ =
n− 26
3α′
. (2.6)
The relation (2.6) holds for bosonic strings; for superstrings Λ is proportional to n− 10.
III. EXACT STRINGY GO¨DEL UNIVERSES
The Go¨del metric describes a homogeneous spacetime [10]. Its line element in cylindrical
coordinates (t, r, z, ψ) is usually given by either of the two forms [16]
ds2 = − [dt+ C(r)dψ]2 +D2(r)dψ2 + dr2 + dz2, (3.1)
or
ds2 = −dt2 − 2C(r)dtdψ +G(r)dψ2 + dr2 + dz2,
where the radial functions have the form
C(r) =
4Ω
m2
sinh2
(
mr
2
)
, (3.2)
D(r) =
1
m2
sinh (mr), (3.3)
G(r) =
4
m2
sinh2
(
mr
2
) [
1 +
(
1− 4Ω
2
m2
)
sinh2
(
mr
2
)]
, (3.4)
with m and Ω constants. In order to avoid the existence of CTC’s in these spacetimes we
require
4
G(r) = D2(r)− C2(r) > 0. (3.5)
In a Go¨del universe, the four-velocity of matter is uα = δα0 and the rotation vector is
V α = Ωδ30 while the vorticity scalar is given by ω = Ω/
√
2. The original Go¨del metric
of general relativity, [10], has m2 = 2Ω2 and obviously contradicts (3.5). There has been
extensive discussion of the generality and significance of the presence of CTC’s in the Go¨del
metric in general relativity [14], [15].
The only nonvanishing components of the Riemann tensor in an orthonormal frame
permitted by the spacetime homogeneity of the Go¨del universe are constant, [17], with
R0101 = R0202 =
1
4
(
C ′
D
)2
= Ω2, R1212 =
3
4
(
C ′
D
)
− D
′′
D
= 3Ω2 −m2, (3.6)
and the prime means the derivative with respect to r. It is interesting to note that with (3.6)
the Gauss-Bonnet term R2GB ≡ RµνσρRµνσρ − 4RµνRµν + R2 vanishes. This term appears
in redefined O(α′) actions (2.1) (see e.g. [18]). Because of the metric symmetry we assume
that the dilaton depends only on the coordinate along the axis of rotation, z, so
φ = φ(z) = fz + φ0, (3.7)
where f and φ0 are constants. For the axion, a short analysis similar to that given in [9]
shows that the only possible ansatz which is consistent with the form (3.7) for the dilaton is
H012 = −H012 = E, (3.8)
with E constant. This can also be expressed in terms of the pseudoscalar axion field, h,
[19,9], by
h(z) =
E
f
exp (−fz − φ0) + h0. (3.9)
The ansa¨tze of eqs. (3.7)-(3.8) guarantee that the axion’s equation of motion is satisfied to
zeroth order in α′. Since the axion field’s 3-form strength is defined by an external derivative
of the antisymmetric tensor potential, Bµν , one can easily show that the only nonvanishing
component of the potential is time-dependent
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B12(t) = Et+ t0. (3.10)
This is expected from the discussion of [9,19] since this restriction occurs in every case where
the spacetime possesses a distinguished direction. It should then possess O(n − 1, n − 1)
symmetry (despite the fact the metric is not time-dependent): which is an example of T -
duality.
Note the generality of the action (2.1): it is given for any spacetime dimension n, and
it contains the full spectrum of graviton, axion, and dilaton. It also possesses a general
O(n− 1, n− 1) symmetry [18]. Since this manifests itself in complicated forms in individual
solutions, we first discuss two special cases before giving the general Go¨del solution for this
string theory.
A. Zeroth order in α′
The field equations (2.2)-(2.3) (which are in the string frame) to zeroth order in α′,
together with eqs. (3.6)-(3.8) with n = 4, possess a Go¨del solution with metric (3.1)-(3.4) if
the following relations hold between the constants Ω, m,E, f and Λ :
Ω2 =
m2
4
=
E2
4
=
−2Λ − f 2
4
. (3.11)
When Λ = 0 the relation (3.11) has no meaning for m2 > 0, but it can be applied for
m2 ≡ −µ2 < 0, in which case there exists an infinite sequence of both causal and acausal
regions (see [16]). We do not consider such solutions here.
¿From the relations (3.11) one can easily deduce that the axion field must not vanish
if a solution is to exist and act as a source of rotation. This is consistent with the known
repulsive behaviour of the axion acting as a torsion field, which leads to bouncing solutions
within the string theory (e.g. Ref. [20]). However, from (3.11), there is another constraint,
Λ < −f
2
2
, (3.12)
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which shows that the cosmological term has to be negative. Formally, the dilaton can vanish
without disrupting the causal structure of the solution (3.1), but in that case the axion plays
the role of a scalar field minimally coupled to gravity - the case already studied in ref. [16].
These results are quite different from the situation in general relativity with both a scalar
field and electromagnetic field present [16]. It is known [19] that the action (2.1) can be
transformed to the Einstein frame where the field equations resemble Einstein gravity with
source terms given by axion and dilaton fields [19]. Using the ansa¨tze (3.7)-(3.9) we checked
the validity of the formulae (6.8)-(6.9) of Ref. [16], to obtain
Ω2 =
m2
4
=
f 2
4
= −2Λ. (3.13)
We see also that (in analogy to the electromagnetic field that is present there), we cannot
admit the axion and obtain a causal model (3.1) in the Einstein frame because there is no
way to fulfil the dilaton equation of motion. This, perhaps, shows the superiority of the
string frame over the Einstein frame, especially since the axion is a typical ’stringy’ particle
which should not be excluded from the spectrum of particles. Note that Λ has to be negative
in both frames. For λ0 = 0 in (2.1), these conclusions also hold for superstrings.
B. First order in α′, non-zero dilaton and zero axion
Now we add the α′ terms to the equations (2.2)-(2.3), but neglect the axion. The resulting
equations are reduced to three polynomial constraints,
2Ω2 − 2α′Ω4 = 0, (3.14)
2Ω2 −m2 + α′
(
10Ω4 − 6Ω2m2 +m4
)
= 0, (3.15)
2Ω2 − 2m2 − 2Λ− f 2 + α′
(
11Ω4 − 6Ω2m2 +m4
)
= 0. (3.16)
We have three equations and five constants and so two (say, Λ and f) can be chosen arbi-
trarily.
> ¿From the equation (3.14) we immediately have the simple relation
7
α′ =
1
Ω2
, (3.17)
which gives the velocity of rotation of the Go¨del universe in terms of the inverse string
tension. This relation gives a simple connection between micro and macrophysics in this
spacetime, with a balance between string tension and rotation. Using (3.17), subtracting
(3.15) and (3.16), we find,
m2 + 2Λ + f 2 = Ω2. (3.18)
¿From (3.15) and (3.17) we calculate the possible values of Ω in terms of m to be,
Ω2+ =
1
3
m2, (3.19)
or
Ω2+ =
1
4
m2. (3.20)
The case (3.19) allows CTC’s (G(r) < 0 in (3.5)), just as in general relativity. For the case
(3.20), after using (3.16), we obtain the relations
Ω2 =
1
α′
=
m2
4
=
−2Λ− f 2
3
, (3.21)
and the condition (3.12) must still hold. This can also be related to the number of dimensions
n = 4, using (2.6) to remove Λ from the relation (3.21), so
Ω2 =
1
α′
=
m2
4
=
3
35
f 2, (3.22)
and the cosmological constant (2.6) must be negative, in agreement with [17].
C. First order in α′, non-zero axion and dilaton
In the case of the bosonic string (λ0 = −1/4), using (2.5)-(2.6), the field equations
(2.2)-(2.3) for the Go¨del metric reduce to the three polynomials,
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2Ω2 − 1
2
E2 +
1
2
α′
[
−4Ω4 + 4Ω2E2 + 5
4
E4
]
= 0, (3.23)
2Ω2 −m2 + 1
2
E2 +
1
2
α′
[
20Ω4 − 12Ω2m2 + 2m4 − 2E2
(
m2 − 2Ω2
)
− 5
4
E4
]
= 0, (3.24)
2Ω2 − 2m2 − 2Λ− f 2 + 1
2
E2 +
1
4
α′
[
44Ω4 − 24Ω2m2 + 4m4 − 2E2
(
m2 − Ω2
)
− 5
4
E4
]
= 0. (3.25)
The axion equation of motion (2.4) is also fulfilled in this general case. We now have three
equations and six constants, leaving three (say, Λ, f and E) arbitrary.
> From (3.23) and (3.24) we obtain
Ω2 =
m2
4
. (3.26)
This confirms that it is possible to obtain a Go¨del solution with no CTCs which fulfils (3.5)
in the general case. The value of α′ can now be expressed in terms of the velocity of rotation
of the universe, Ω, and the strength of axion field, E, from (3.23), which gives,
α′ =
4Ω2 − E2
(4Ω2 + E2)
(
Ω2E − 5
4
E2
) . (3.27)
The relation between other constants can be obtained from (3.25). Similar calculations
can also be performed for heterotic strings (with λ0 = −18 in (2.1)) which demonstrate the
existence of Go¨del solutions without CTCs within that theory also. The superstring case
(λ0 = 0) does not generate a solution of this type to this order in α
′ because the quadratic
correction term vanishes in the action (2.1). The persistence of the causal relation (3.26)
between the free parameters in the Go¨del metric suggests that it might continue to hold
in solutions to higher-orders but then we might expect the relation between α′ and m to
change, reflecting the contributions from the scales of the higher-order terms in the action.
This will be investigated elsewhere.
IV. DISCUSSION
We have found a class of Go¨del universes without closed timelike curves within the
framework of low-energy-effective string theories. First, to zeroth order in the inverse string
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tension α′, we investigated the situation in both the Einstein frame (as studied already
in general relativity in [16]) and in the string frame. We found that the axion cannot be
introduced in the Einstein frame but plays a crucial role in the string frame, where it cannot
be neglected. Then we extended the analysis to include the full O(α′) action with both
dilaton and axion taken into account. By including terms of the first order in α′ in the field
equations, we found that Go¨del universes without closed timelike curves are also possible in
the general case. Our solutions display a simple relation between the inverse string tension
parameter α′ and the velocity of rotation of the universe (eq. (3.17)) which provides a direct
link between micro and macrophysics. This is the first class of exact solutions that has been
found for a string theory where terms of first order in α′ are admitted in the field equations
(a method for generating exact solutions in Bianchi type I universes was given by Mueller
in Ref. [4]). All the Go¨del universes we have found require negative cosmological constant
which, in general, can be related to the number of spacetime dimensions if multidimensional
cases are also investigated. Our results, obtained for bosonic strings, are also valid for
heterotic and superstrings, as is evident from the form of the action, although the numerical
values of the constants will change with the value of the parameter λ0. The simplicity of the
final forms of the solutions we have found for Go¨del universes suggests that the symmetries
of string theory have the power to exclude unwanted peculiarities in the causal structure of
spacetime that are permitted by general relativity. They also suggest a path towards finding
further exact solutions at higher order in the string tension parameter.
V. ACKNOWLEDGMENTS
MPD acknowledges the support of NATO and the Royal Society while at the University
of Sussex. JDB is supported by a PPARC Senior Fellowship.
10
REFERENCES
[1] M.B. Green, J.H. Schwarz and E. Witten, Superstring Theory, Vols 1 & 2, (Cambridge
UP, Cambridge, 1987).
[2] E.S. Fradkin and A.A. Tseytlin, Nucl. Phys. B261 (1985) 1 ;
C.G. Callan, D. Friedan, E.J. Martinec and M.J. Perry, Nucl. Phys B262 (1985) 593.
[3] C.G. Callan, I.R. Klebanov and M.J. Perry, Nucl. Phys. B 278 (1986) 78;
M. Mueller, Nucl. Phys. B37 (1990) 37.
[4] R.R. Metsaev and A.A. Tseytlin, Nucl. Phys. B293 (1987) 385.
[5] A. Veneziano, Phys. Lett. B265 (1991) 287;
M. Gasperini and A. Veneziano, Mod. Phys. Lett. 39 (1993) 3701;
M. Gasperini and A. Veneziano, Astro. Phys. 1 (1993) 317;
E.J. Copeland, A. Lahiri and D. Wands, Phys. Rev. D50 (1994) 4868;
M. Gasperini and R. Ricci, Class. Quantum Grav. 12 (1995) 677;
M. Gasperini and A. Veneziano, Phys. Rev. D50 (1995) 2519.
[6] E.J. Copeland, J.E. Lidsey and D. Wands, Phys. Rev. D57 (1998) R625.
[7] M.J. Duff, P. Hoxha, H. Lu¨, R.R. Martinez-Acosta and C.N. Pope, A Lattice Universe
from M-theory, astro-ph/9712301.
[8] N. Batakis, Phys. Lett. B 353 (1995) 39;
N. Batakis and A.A. Kehagias, Phys. Lett. B 356 (1995) 223 and Nucl. Phys. B 449
(1995) 248;
G. Veneziano, Phys. Lett. B 406 (1997) 297;
J.D. Barrow and M. Da¸browski, hep-th/9711049, Phys. Rev. D (in press);
A. Buonanno, K. Meissner, C. Ungarelli and G. Veneziano, Phys. Rev. D 57 (1998)
2543;
A. Feinstein, R. Lazkoz and M.A. Va´zquez-Mozo, Phys. Rev. D 56 (1997) 5166;
11
M. Gasperini and R. Ricci, Class. Quantum Grav. 12 (1995) 677.
An electronic archive for string cosmology is maintained by M. Gasperini at
http://www.to.infn.it/teorici/gasperini/
[9] J.D. Barrow and K.E. Kunze, Phys. Rev. D55 (1997) 623;
J.D. Barrow and M.P. Da¸browski, Phys. Rev. D55 (1997) 630;
J.D. Barrow and K.E. Kunze, Phys. Rev. D57 (1988) 2255.
[10] K. Go¨del, Rev. Mod. Phys. 21 (1949) 447.
[11] K. Go¨del, In: Albert Einstein: Philosopher-Scientist, vol. 7 of The Library of Living
Philosophers, ed. P.A. Schilpp, Open Court, Evanston IL, (1949).
[12] H. Weyl, Space, Time and Matter, transl. H. Brose, (Methuen, London, 1921). The
quotation is from p. 274 of the Dover edition of the 4th (1922) printing.
[13] J.D. Barrow, Impossibility: the science of limits and the limits of science, (Oxford UP,
Oxford, 1998), p.199-200.
[14] P. Nahin, Time Machines, Springer-Verlag, (1993);
D.B. Malament, Proc. Phil. Sci. Assoc. 2 (1984) 91.
[15] S.W. Hawking and G.F.R. Ellis, The large scale structure of space-time,(Cambridge UP,
Cambridge, 1973);
J. Earman, Bangs, Crunches, Whimpers, and Shrieks,(Oxford UP, Oxford, 1995).
[16] M.J. Rebouc¸as and J. Tiomno, Phys. Rev. D28 (1983) 1251.
[17] A.J. Accioly, Nuovo Cimento B100 (1987) 703.
[18] K.A. Meissner, Phys. Lett. B392 (1997) 298;
see also S. Foffa and M. Maggiore, Anisotropic String Cosmology at Large Curvatures,
gr-qc/9712006.
[19] E.J. Copeland, A. Lahiri and D. Wands, Phys. Rev. D51 (1995) 1569.
12
[20] K. Behrndt and S. Fo¨rste, Nucl. Phys. B340 (1994) 441.
13
